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We study the stochastic gravitational wave (GW) background induced by the primordial scalar
perturbation with the spectrum having a lognormal peak of width ∆ at k = k∗. We derive an
analytical formula for the GW spectrum ΩGW for both narrow (∆  1) and broad (∆ & 1)
peaks. In the narrow-peak case, the spectrum has a double peak feature with the sharper peak at
k = 2k∗/
√
3. On the infrared (IR) side of the spectrum, we find power-law behavior with a break at
k = kb in the power-law index where it chages from k
3 on the far IR side to k2 on the near IR side.
We find the ratio of the break frequency to the peak frequency is determined by ∆ as fb/fp ≈
√
3∆,
where fb and fp are the break and peak frequencies, respectively. In the broad-peak case, we find
the GW spectrum also has a lognormal peak at k = k∗ but with a smaller width of ∆/
√
2. Using
these derived analytic formulae, we also present expressions for the maximum values of ΩGW for
both narrow and broad cases. Our results will provide a useful tool in searching for the induced
GW signals in the coming decades.
PACS numbers:
I. INTRODUCTION
The detection of gravitational waves (GWs) from the mergers of black holes (BHs) and neutron stars by
LIGO/Virgo [1–7] has marked the beginning of the era of gravitational wave astronomy. Besides GW bursts from
mergers, there are also stochastic backgrounds of various origins such as GWs from binary inspirals, GWs from first
order phase transitions in the early universe, primordial GWs from inflation, and the induced GWs from the primordial
scalar perturbation. In the spatially homogeneous and isotropic background, the tensor and scalar perturbations are
decoupled at linear order, but they are coupled to each other at nonlinear order [8–13], giving rise to the induced GWs
or secondary GWs [14–39]. The primordial scalar perturbation (more precisely scalar-type curature perturbation)
produces the cosmic microwave background radiation (CMB) anisotropy and seeds the large scale structure of the
universe, and its properties are tightly constrained observations. Namely, it is Gaussian with a nearly scale-invariant
spectrum with the rms amplitude of 10−5 on scales larger than around 1 Mpc [40]. The GWs induced by such pri-
mordial scalar perturbation is also nearly scale-invariant at frequencies higher than 10−15 Hz, but the amplitude is
negligibly small to be detected [14], and perhaps smaller than GWs from the primordial tensor perturbation [41, 42].
However, on scales much smaller than 1 Mpc , the amplitude of the primordial scalar perturbation is ony weakly
constrained, and hence it is possible to be large [43–48]. An interesting consequence associated with a large scalar
perturbation is the formation of primordial black holes (PBHs). If the rms scalar perturbation amplitude is large at
some specific wavenumber, PBHs can form from the high σ peaks when the corresponding wavelengths reenter the
Hubble horizon [49–59]. The current observational constraints does not exclude the existence of a substantial amount
of such PBHs. There are actually several interesting “mass windows” [60–72], which can lead to fruitful phenomena.
For instance, the detection of GWs by LIGO/Virgo has revealed the ubiquitous existence of BHs with 10 ∼ 100M,
which revives our interest in the hypothesis that such BH binaries are formed by PBHs [73–80]. It is also probable that
PBHs are the dominant component of the dark matter if they are in the mass range 1019 ∼ 1022 g, which avoids recent
observational constraints [81–86]. In addition, PBHs may seed the galaxy or structure formation [87–91], the planet
9 [92, 93], or they may provide a mechanism for baryogenesis [94–98]. For review of PBHs and their observational
constraints, see [99, 100].
To generate an amount of PBHs comparable to the energy density of cold dark matter, the spectrum of the
primordial scalar perturbation is required to have an amplitude of order 10−2. Such a spectrum with a high peak
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2can be realized in various models of inflation, for instance, models with potential having a near-inflection point [101–
111], modified gravity [112–119], multi-field inflation [120–130], curvaton scenarios [131–134], models with parametric
resonance [135–139], etc.. The induced GWs from these models may be detected in the near future by the current
and future detectors like LIGO/Virgo, KAGRA [147], LISA [148–151], Taiji [152], Tianqin [153], ET [154, 155],
DECIGO [156], BBO [157–159], FAST [160], and SKA [161, 162]. The peak frequency of the induced GWs is related
to the associated PBH mass as fpeak = 6.7×10−9(MPBH/M)−1/2 Hz [17]. If LIGO detections are PBHs, the induced
GWs peak at nHz, right in the detection range of pulsar timing array (PTA) [140, 141]. The fact that there is no
detection at present has already started to constrain the PBHs-as-LIGO-BHs scenario [142–146]. For asteroid-mass
PBHs, the associated induced GWs peak at ∼ 10−3 Hz, which must be detectable by LISA if PBHs are the dark
matter [29].
The spectrum of the induced GWs from a δ-function peak of the scalar perturbation was studied in Refs. [15, 17,
23, 24], and an analytical expression for the GW spectrum was derived in Ref. [28]. However, it was found that the
infrared scaling of the GW spectrum depends sensitively on the width, which is f2 for a δ-function peak, while f3 for
a finite width, and a transition from f3 to f2 was observed for a finite but small width [164, 165]. In the case of a
broad peak, the induced GW spectrum was numerically studied and found to have a broad-peak-like feature near its
maximum [22, 43, 44]. The goal of this paper is to derive an analytic formula for the induced GW spectrum due to
the scalar perturbation with the spectrum having a lognormal peak, for both narrow and broad widths. The result
will provide a very useful tool for studying various phenomena associated with the original curvature perturbation.
This paper is organized as follows. In Section II, we collect the necessary formulae needed to calculate the induced
GWs. In Section III, we apply the formulae to the curvature perturbation with a lognormal peak. In Section III A
and III B, we consider narrow and broad widths and present analytic expressions for the GW spectrum, respectively.
We find they agree very well with the numerical results. We summarize our findings in Section IV. As the analytical
calculation is a little bit long and tedious, readers may directly go to (19) and (40) to check the main results and
Section IV for the conclusions.
II. SETUP
In linear cosmological perturbation, the perturbed metric can be written in the Newton gauge as
ds2 = a2(η)
[−(1 + 2Ψ)dη2 + ((1 + 2Φ)δij + hij)dxidxj] , (1)
where Ψ is the Newton potential, Φ is the intrinsic curvature perturbation, and Φ = −Ψ for negligibe anisotropic
stress [163], hij is the transverse traceless (tensor) part of the metric perturbation. In momentum space, the tensor
perturbation can be written as
hij(η,x) =
∫
d3k
(2pi)3/2
∑
λ=+,×
eλij(kˆ)hk,λ(η)e
ik·x, (2)
where eλij(kˆ) are two orthonormal polarization tensors perpendicular to kˆ-direction. The equation of motion for the
tensor perturbation of each polarization at second order is sourced by the scalar perturbation:
h′′k,λ + 2Hh′k,λ + k2hk,λ = Sλ(k, η) =
∫
d3` eλij(k)q
iqjf(k, `, η)Ψ`Ψk−`, (3)
where the source term, Sλ(k, η), is the convolution of the scalar perturbation, which can be factorized into the
primordial part ψ`ψk−` and the combination of the transfer function T (`, η):
f(k, `, η) = 6T (|k − `|η)T (`η) + 3η ∂T (|k − `|η)
∂η
T (`η) + 2η2
∂T (|k − `|η)
∂η
∂T (`η)
∂η
; Ψ(k, η) = T (kη)ψk . (4)
In this paper we only consider the wavenumbers that reenter the Hubble horizon during the radiation-dominated stage.
For the case of an (early) matter-dominated stage, see Refs. [18, 28, 35–37, 39], while for an arbitrary background,
see Ref. [167, 168] and a companion paper [169]. The power spectra of the primordial scalar perturbation and the
tensor perturbation are defined as
〈ψkψq〉 = 2pi
2
k3
Pψ(k)δ(3)(k + p). (5)∑
λ=+,×
〈eλijeijλ hk,λ(η)hp,λ(η)〉 =
2pi2
k3
Ph(k, η)δ(3)(k + p). (6)
3The power spectrum of the primordial Newton potential is related to that of the conserved comoving curvature
perturbation in the radiation dominated universe as Pψ = (4/9)PR. As mentioned in Introduction, the constraint by
Planck is PR(k) ≈ 2.1 × 10−9 at k = 0.05 Mpc−1 [69]. However, since the scales we have in mind are substantially
smaller than 1 Mpc, we are free from the Planck constraint. We will specify the form of PR(k) on small scales later.
The equation of motion for hk can be solved by the Green function method. In the radiation-dominated universe,
hk,λ(η) =
∫ η
η0
dη˜
sin k(η − η˜)
k
a(η˜)
a(η)
S(k, η˜). (7)
The two-point correlation function of the tensor perturbation is given by
〈hk,λ(η)hp,λ′(η)〉 = δλ,λ′
∫ η
η0
dη2
∫ η
η0
dη1
a(η2)
a(η)
a(η1)
a(η)
sin k(η − η1)
k
sin p(η − η2)
p
f(k, `, η1)f(p, q, η2)
×
(
4
9
)2
8pi4
∫
d3`
(2pi)3/2
eλij(kˆ)`
i`j
∫
d3q
(2pi)3/2
eλ
′
`m(pˆ)q
`qm
PR(l)PR(|k − `|)
`3|k − `|3 δ
(3) (k + p) δ(3) (` + q) . (8)
Here it may be worth mentioning that we do not assume anything about the statistical nature of the primordial
scalar perturbation. It may be Gaussian or may be highly non-Gaussian. The essential point is that the spectrum
of the induced GWs is given by a convolution of the primordial curvature perturbation spectrum, independent of
its statistical nature. Nevertheless, we also mention that it may be possible to obtain the information about the
non-Gaussianity if we combine the predictions on the induced GWs and those on the corresponding abundance of
PBHs [29].
Cosmologists commonly call the GW energy density per logarithmic interval of wavenumber, normalized by the
total energy density of the universe as the GW spectrum,
ΩGW(k, η) =
1
ρtot
dρGW
d ln k
=
k2
12H2a2
Ph(k, η). (9)
The power spectrum of the tensor perturbation is defined in (6) by the 2-point correlation function, which is expressed
in (8). To step further we have to calculate the time integral of the transfer functions, which is done in Ref. [28].
See an alternative calculation in Ref. [37]. Following Ref. [28], we define a set of new variables, u = |k − `|/k, and
v = `/k, and then integrate the solid angular elements perpendicular to ˆ`- and qˆ-direction in (8),
ΩGW(k) = 3
∫ ∞
0
dv
∫ 1+v
|1−v|
du
T (u, v)
u2v2
PR(vk)PR(uk), (10)
T (u, v) = 1
4
[
4v2 − (1 + v2 − u2)2
4uv
]2(
u2 + v2 − 3
2uv
)4 [(
ln
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣− 4uvu2 + v2 − 3
)2
+ pi2Θ
(
u+ v −
√
3
)]
,
Θ is the step function. The normalization of T (u, v) is such that when u ≈ v →∞, we have T (u, v)→ (ln(u+v))2/4 ∼
(ln v)2. ΩGW in (10) does not depend on time as it is the asymptotic value deep inside the horizon during the radiation
dominated era. This short wavelength limit is crucial in the recent discussions on the gauge dependence of the induced
GWs [170–174]. For any form of the power spectrum of the curvature perturbation, the spectrum of the induced GWs
in the radiation-dominated stage can be calculated by numericaly integrating (10). However, we note that since the
GW energy density starts to decay relative to the matter density after the matter-radiation equality, the observational
GW spectrum today is given by
ΩGW(f, η0)h
2 =
g∗(η0)4/3
g∗(η0)g∗s(ηk)1/3
Ωr,0ΩGW(f) = 1.6× 10−5
(
g∗s(ηk)
106.75
)−1/3(
Ωr,0h
2
4.1× 10−5
)
ΩGW(f). (11)
Here ΩGW(f) is the GW spectrum at equality given by (10), and to compare with the observables we replaced the
comoving wavenumber k to the physical frequency f , by f = k/(2pia0). Explicitly, f = 1.5× 10−9(k/1 pc−1)Hz.
In the following sections, we calculate ΩGW in (10) for both narrow and broad widths of a lognormal peak in the
power spectrum of the primordial curvature perturbation. Comparison of the result with observation signals should
be done by using (11) for the current GW spectrum ΩGW(f, η0).
4III. LOGNORMAL PEAK
In the literature, a lognormal peak in the power spectrum of the curvature perturbation is often considered,
PR(k) = AR√
2pi∆
exp
(
− ln
2(k/k∗)
2∆2
)
, (12)
where k∗ is the peak wavenumber, ∆ is the dimensionless width, and the coefficient is to satisfy the normalization∫∞
0
PR(k) d ln k = AR. The scale-invariant power spectrum responsible for the CMB anisotropies can be included as
the infinitely broad limit: AR,∆ → ∞ but keeping AR/∆ =constant. Another limit is ∆ → 0, when (12) reduces
to the δ-function peak, i.e. PR = ARδ(ln(k/k∗)). This is used in some papers of generating PBHs which we will
comment more in Sec.III A. For the lognormal peak, (10) reduces to
ΩGW =
3
2pi
A2R
∆2
∫ ∞
0
dv
∫ 1+v
|1−v|
du
T (u, v)
u2v2
exp
[
− (lnu)
2 + (ln v)2 + 2 lnκ ln(uv) + 2 ln2 κ
2∆2
]
, (13)
where we have defined κ ≡ k/k∗ for convenience. This GW spectrum is valid until the moment of matter-radiation
equality, which is connected to the GW spectrum today by (11).
It is convenient to define the following new varables:
s =
1√
2
ln(uv), t =
1√
2
ln
u
v
. (14)
Under this coordinate transformation, (13) becomes
ΩGW =
3
pi
A2R
∆2
κ2e∆
2
∫ ∞
−∞
exp
[
−
(
s+
√
2(lnκ+ ∆2)
)2
2∆2
]
ds
∫ ξ(s)
χ(s)
T (s, t) exp
(
− t
2
2∆2
)
dt, (15)
T (s, t) =
1
4
(
cosh(
√
2t)− 1
4
e−
√
2s − e
√
2s sinh2(
√
2t)
)2(
cosh(
√
2t)− 3
2
e−
√
2s
)4
×

[
ln
∣∣∣∣∣3− 4e
√
2s cosh2
(
t/
√
2
)
3− 4e
√
2s sinh2
(
t/
√
2
) ∣∣∣∣∣− 2cosh(√2t)− 32e−√2s
]2
+ pi2Θ
(
2e
s√
2 cosh
t√
2
−
√
3
) . (16)
The integral on t is bounded by the lines v = 1 + u and v = |1− u|, which correspond to the following curves in the
new coordinates,
χ(s) = Re
[√
2arccosh
(
e−s/
√
2
2
)]
, ξ(s) =
√
2arcsinh
(
e−s/
√
2
2
)
, (17)
where the real part is taken to ensure that χ(s) = 0 for s > −√2 ln 2. The domain is shown in Fig. 1. As the integrand
is proportional to Gaussian functions, the result depends crucially on whether the widths of the Gaussian peaks are
inside the integration domain or not, which are determined by the values of ∆. We will discuss the cases of ∆  1
and ∆ & 1 separately in the following subsections.
A. Narrow Peak (∆ 1)
Some models predict a narrow peak in the curvature perturbation, ∆ 1 [113, 121, 122, 124, 131, 136–139]. In this
case, the main contribution of the integral (15) on s and t comes from the vicinity of the peak, s = −√2(lnκ+ ∆2)
and t = 0. For the integral on t in the second line of (15), we can take t → 0 in T (s, t), and then perform the
Gaussian integral,
2
∫ ξ(s)
χ(s)
T (s, t) exp
(
− t
2
2∆2
)
dt ≈ T (s, 0)
√
2pi∆
[
erf
(
ξ(s)√
2∆
)
− erf
(
χ(s)√
2∆
)]
. (18)
We substitute this back into (15). Again the narrow Gaussian distribution guarantees that we can take s→ −√2(lnκ+
∆2) in (18), and then perform the Gaussian integral on s. We then obtain an analytical result for the GW spectrum
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FIG. 1: The shaded area is the domain of integration (15), which is bounded by the curves ±ξ(s) and ±χ(s) shown in (17).
We also show the curves of zero points (dotted purple) and the logarithmic divergence (black) in the integral kernel T (s, t)
defined in (16). The former curve is given by e
√
2s cosh(
√
2t) = 3/2, while the latter curve is e
√
2s cosh2(t/
√
2) = 3/4.
in the narrow-peak case,
ΩGW ≈ 3A2Rκ2e∆
2
[
erf
(
1
∆
arcsinh
κe∆
2
2
)
− erf
(
1
∆
Re
(
arccosh
κe∆
2
2
))](
1− 1
4
κ2e2∆
2
)2(
1− 3
2
κ2e2∆
2
)2
·
{[
1
2
(
1− 3
2
κ2e2∆
2
)
ln
∣∣∣∣1− 43κ2e2∆2
∣∣∣∣− 1]2 + pi24
(
1− 3
2
κ2e2∆
2
)2
Θ
(
2−
√
3κe∆
2
)}
, (19)
where κ ≡ k/k∗ as defined before. This analytical result fits quite well with the numerical integration of (13), which
is shown in Fig. 2 for ∆ = 10−2. In the limit ∆→ 0, the result reduces to the GW spectrum induced by a δ-function
peak, obtained in Ref. [28],
Ω
(δ)
GW = 3A2Rκ2
(
1− 1
4
κ2
)2(
1− 3
2
κ2
)4 [(
1
2
ln
∣∣∣∣1− 43κ2
∣∣∣∣− 11− 32κ2
)2
+
pi2
4
Θ
(
2−
√
3κ
)]
Θ(2− κ). (20)
Our narrow-peak result (19) can be further simplified if we approximate e∆
2 ≈ 1,
Ω
(∆1)
GW ≈ erf
(
1
∆
arcsinh
k
2k∗
)
Ω
(δ)
GW. (21)
We note that the error function factor comes from (18) which is independent of the transfer function (21), implying
that this formula is valid for any universe with arbitrary equation of state w. The whole equation-of-state dependence
is contained in Ω
(δ)
GW. In a companion paper [169], an intermediate stage dominated by a scalar field with constant
w between inflation and the radiation-dominated universe is considered, where (21) is applied to find the infrared
behavior of the induced GWs from a narrow peak.
To summarize, the infrared behavior of GW spectrum is given by (19) or (21) by setting κ 1,
Ω
(IR)
GW
A2R
≈ 3κ2e∆2
(
lnκ+ ∆2
)2
erf
(
κe∆
2
2∆
)
≈

3κ3
e2∆
2
√
pi∆
(
lnκ+ ∆2
)2
, for κ < 2∆e−∆
2
(far-IR);
3κ2e∆
2 (
lnκ+ ∆2
)2
, for 2∆e−∆
2
< κ < 1 (near-IR).
(22)
In the last step, for an intuitive understanding of the scaling law of the GW spectrum, we use the asymptotic
expression for the error function for small and large arguments, respectively, which we refer to as the far-IR and
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FIG. 2: Left: The GW spectrum with ∆ = 10−2. The results of numerical integration of (10), the analytical expression (19),
and the infrared approximation (22) are shown. Right: The GW spectra for different values of widths according to the infrared
approximation (22). The dashed gray curve is the GW spectrum from a δ-function peak drawn for reference, whose near-peak
behavior is nearly the same for all the cases of ∆ 1.
near-IR regions. As clear from the above as well as from Fig. 2, there is a break point at k/k∗ = 2∆e−∆
2
where the
GW spectrum changes its infrared behavior from ΩGW ∝ k3 to ΩGW ∝ k2. Let us denote this break wavenumber
by kb, i.e., kb = 2∆e
−∆2k∗. This feature is characteristic of the GW spectrum induced by a narrowly peaked scalar
perturbation, and it is a very useful feature in both identifying the origin of the curvature perturbation and measuring
the peak width.
It is clearly to see in (19) that besides an infrared local maximum at around k/k∗ = 1/e, there is another “resonance
peak” with logarithmic divergence, which is located at k = (2/
√
3)e−∆
2
k∗, which we denote by kp. The two maxima
are separated by a dip at k/k∗ =
√
2/3e−∆
2
. This two-peak structure is another characteristic feature of the induced
GW from a narrow peak, which can be obviously seen for ∆ . 0.4. 1
The value at the infrared local maximum can be easily estimated as
Ω
(IR,max)
GW ≈ ΩGW
(
1
e
)
=
3
e2
A2Re∆
2 (
1− e2∆2)2 ≈ 0.41A2R, (23)
where the dependence on the width is of order O(∆2) and can be neglected. Thus the infrared maximum of ΩGW
only depends on the normalization of the curvature perturbation spectrum, which can be clearly seen in the right
panel of Fig.2.
As for the resonance peak, it must be smoothed when compared to observation as an infinitely narrow band
observation is impossible [175]. For instance, Ref. [43] smooths the resonance peak induced by a δ-function peak on
one e-fold. Here we smooth it by taking account of the following fact. For a finite width peak, its width provides a
natural smoothing scale,
Ω
(res,max)
GW =
1
2∆
∫ k∗e∆
k∗e−∆
ΩGW
dk
k
≈ 4
9
A2R
[(
ln(2∆) + 1
)2
+ 1 +
pi2
2
]
. (24)
We can see that if ∆ is not too small, i.e. for ∆  (1/2) exp(−√4 + 2pi2 − 1) ≈ 0.016, the smoothed peak value is
independent of its width and can be estimated by
Ω
(res,max)
GW ≈
4
9
(
1 +
pi2
2
)
A2R ≈ 2.6A2R . (25)
1 The origin of the dip and the sharp peak at k = kp is due to resonance of the tensor modes and scalar modes inside the Hubble horizon
due to the difference in their sound speeds [15]. If the sound speeds for both tensor modes and scalar modes are the same, the resonance
is absent, and we only have a single smooth peak in the GW spectrum. See Ref. [169].
7Note that this is always higher than the infrared peak given in (23). For ∆ . 0.016, the peak is proportional to
(ln ∆)2, i.e. Ω
(res,peak)
GW ≈ (4/9)(ln ∆)2A2R. If f∗∆ is smaller than the frequency resolution, δf , the latter should be
used instead as the smoothing scales, though it is unlikely that the observation with such high resolution becomes
possible in the near future.
B. Broad Peak (∆ & O(1))
Many models predict a broad peak in the scalar perturbation, ∆ & O(1) [27, 101–104, 112, 120, 123–126, 130, 132–
134]. In this case, we show that the induced GW spectrum has a lognormal peak with width ∆/
√
2. Since the
integrand in (15) is not concentrated around the vicinity of the peak, it is difficult to calculate it at once. It is found
that T (s, t) in the integrad behaves differently for s & 1, |s| ∼ O(1), and s . −1. We therefore decompose the
integral into these three different domains, evaluate each separately, and add up all the contributions at the end to
obtain a formula that has sufficiently satisfactory accuracy.
First we consider the domain s & 1. The contribution in the infrared is mainly from large s, where we may take
the leading order of T (s, t) for s (1/√2) ln(3/2) as
T (s, t) ≈ s
2
2
[
cosh
(√
2t
)
− e
√
2s sinh2
(√
2t
)]2
cosh4
(√
2t
)
. (26)
Then since ξ(s) ∆ for ∆ & 1 and s 1, the integral along the t-axis can be approximated by an error function as∫ ξ
−ξ
T (s, t) exp
(
− t
2
2∆2
)
dt ≈ 8
15
√
2
s2e−s/
√
2. (27)
Substituting this back into (15), and perform the Gaussian integral along the s-axis, we find
Ω
(s&1)
GW ≈
4
5
√
2pi
κ3
e9∆
2/4
∆2
∫ ∞
1√
2
ln 32
s2 exp
[
−
(
s+
√
2(lnκ+ 32∆
2)
)2
2∆2
]
ds,
=
4
5
√
pi
A2Rκ3
e
9∆2
4
∆
{[(
lnκ+
3
2
∆2
)2
+
∆2
2
]
erfc
(
lnκ+ 32∆
2 + 12 ln
3
2
∆
)
− ∆√
pi
exp
(
−
(
lnκ+ 32∆
2 + 12 ln
3
2
)2
∆2
)(
lnκ+
3
2
∆2 − 1
2
ln
3
2
)}
. (28)
where erfc(x) is the complementary error function defined as erfc(x) ≡ 1 − erf(x). For infrared k, κ  1, the com-
plementary error function approaches 2, while the last term in the curly brackets in (28) is exponentially suppressed.
Thus the infrared GW spectrum is given approximately by
Ω
(IR)
GW ≈
8
5
√
pi
A2R
e
9∆2
4
∆
κ3
[(
lnκ+
3
2
∆2
)2
+
∆2
2
]
for κ .
√
2
3
exp
(
−3
2
∆2
)
. (29)
We see the familiar k3 scaling. On the other hand, for κ &
√
2
3 exp(− 32∆2), the complimentary error function is also
exponentially suppressed. Taking the large ∆ limit of it gives the near-peak behavior,
Ω
(peak,s&1)
GW ≈
16 + 24 ln 32 + 18 ln
2 3
2
135pi
A2R
e9∆
2/4
∆2
exp
(
−
(
lnκ+ 32∆
2 + 12 ln
3
2
)2
∆2
)
≈ A2R
0.0368
∆2
exp
(
− ln
2 κ
∆2
)
. (30)
Second, we focus on the domain |s| . 1. There is a discontinuity at t = ±√2arccosh
(√
3
2 e
−s/√2
)
when |s| . 1.
The main contribution is from the right hand side of the singularity, as there is an extra pi2 term in the curly brackets
in (16), which allows us to take t→ 0 and neglect the logarithm term, giving
T (s, t) ≈ pi
2
4
(
1− 3
2
e−
√
2s
)4(
1− 1
4
e−
√
2s
)2
. (31)
8As this is independent of t, the remaining integral on t is just an error function, which gives
Ω
|s|<1
GW ≈
3
pi
A2R
∆2
κ2e∆
2
∫ 1√
2
ln 32
− 1√
2
ln 43
ds exp
[
−
(
s+
√
2(lnκ+ ∆2)
)2
2∆2
]
× pi
2
4
(
1− 3
2
e−
√
2s
)4(
1− 1
4
e−
√
2s
)2√
pi
2
∆Erf
(
ξ(s)√
2∆
)
,
≈ 3pi
2
√
2
A2R
∆2
κ2e∆
2
exp
[
−
(
lnκ+ ∆2
)2
∆2
]∫ 1√
2
ln 32
− 1√
2
ln 43
ds e−2
√
2s
(
1− 2e
√
2s
)2
arcsinh
(
e−s/
√
2
2
)
. (32)
In the second step, we have approximated the error function by taking the leading order at ξ(s)  √2∆. We have
also approximated the Gaussian function in the integrand by putting s to its maximum value, s = −(1/√2) ln(4/3).
In passing, we note that ∆ is assumed to be larger than the interval of the integral, (1/
√
2) ln 2 ∼ 0.49, which
corresponds to the critical width that separates the narrow and broad peaks. The integral in the second line of (32)
gives a constant. Although it may be evaluated analytically, since the expression is very long and it is not illuminating,
we do not spell it out here. Instead we simply quote its numerical value:
Ω
|s|<1
GW ≈ 0.0659
A2R
∆2
κ2e∆
2
exp
[
−
(
lnκ+ ∆2 − 12 ln 43
)2
∆2
]
, (33)
≈ 0.0878A
2
R
∆2
exp
(
− ln
2 κ
∆2
)
, (34)
where the second line follows by taking the large ∆ limit.
For s . −1, the domain of integration has two strips at the leftmost region of Fig. 1. Along both strips, we may
assume |s| ≈ |t|  1, and the leading order of T (s, t) is given by
T (s, t) =
e4
√
2s
9
. (35)
Then the integral along the t-axis is straightforward to find
2
∫ ξ(s)
χ(s)
T (s, t) exp
(
− t
2
2∆2
)
dt ≈
√
2pi
9
e4
√
2s∆
(
erf
(
ξ(s)√
2∆
)
− erf
(
χ(s)√
2∆
))
≈ 4
9
√
2 exp
(
− s
2
2∆2
+ 5
√
2s
)
. (36)
Substituting (36) into (15) and performing the Gaussian integral, we obtain
Ω
s.−1
GW ≈
2
√
2
3pi
A2Rκ−4
e8∆
2
∆2
exp
(
− ln
2 κ
2∆2
)∫ −√2 ln 2
−∞
exp
−
(
s+ 1√
2
(lnκ− 4∆2)
)2
∆2
 ds,
=
1
3
√
2
pi
A2Rκ−4
e8∆
2
∆
exp
(
− ln
2 κ
2∆2
)
erfc
(
4∆2 − ln(κ/4)√
2∆
)
. (37)
This expression can be further simplified by using the asymptotic behavior of the complementary error function.
For κ < 4e4∆
2
, which includes the near-peak region of κ ∼ 1, we find
Ω
(peak,s<−1)
GW ≈
1
384pi (4∆2 − ln(κ/4)) exp
(
− ln
2 κ+ 2 ln2 2
∆2
)
κln 4/∆
2 ≈ κ
ln(4)
∆2
1536pi∆2
exp
(
− ln
2(κ)
∆2
)
. (38)
We see that the coefficient is much smaller than those of (30) and (34), which constitute the near-peak contributions
from s > 1 and |s| < 1, respectively. So we conclude that (38) is negligible around the peak.
For κ > 4e4∆
2
, the complementary error function gives a constant of 2, hence
Ω
(UV,s<−1)
GW ≈
2
3
√
2
pi
A2Rκ−4
e8∆
2
∆
exp
(
− ln
2 κ
2∆2
)
. (39)
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FIG. 3: The GW spectra for ∆ = 1/2 (top left), ∆ = 1 (top right), ∆ = 2 (middle left), ∆ = 3 (middle right), and ∆ = 10
(bottom left), respectively. The solid thick curves are the results by numerical integration of (13). The dashed curves are
the approximate analytical expressions (40). The near-peak approximation (42) is also shown as dot-dashed curves. The GW
spectra for different widths are drawn together in the bottom right panel for comparison. The double-peak structure of the
narrow-peak case is barely seen in the case ∆ = 1/2, which is slightly above the critical value that divides narrow and broad
peaks, ∆ = ∆c ∼ 0.4.
This overwhelms the contributions given by (28) and (33), and gives an approximate expression of ΩGW in the
ultraviolet region. But we have to keep in mind that this “ultraviolet” region is far away from the peak when ∆ & 1,
and, because of the exponential suppression, it is probably too difficult to be detected.
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To summerize, the final result of the GW spectrum when ∆ & O(1) is the summation of (28), (33), and (37):
ΩGW
A2R
≈ 4
5
√
pi
κ3
e
9∆2
4
∆
[(
ln2K +
∆2
2
)
erfc
(
lnK + 12 ln
3
2
∆
)
− ∆√
pi
exp
(
−
(
lnK + 12 ln
3
2
)2
∆2
)(
lnK − 1
2
ln
3
2
)]
+
0.0659
∆2
κ2e∆
2
exp
(
−
(
lnκ+ ∆2 − 12 ln 43
)2
∆2
)
+
1
3
√
2
pi
κ−4
e8∆
2
∆
exp
(
− ln
2 κ
2∆2
)
erfc
(
4∆2 − ln(κ/4)√
2∆
)
, (40)
where we have introduced K = κ exp(3∆2/2) for simplicity. This is one of the main results of this paper. Its accuracy
can be checked by looking at Fig. 3 where the numerical results are also shown. It is also useful to write down the
asymptotic expressions of (29), (30) plus (34), and (39), each of which gives the GW spectrum valid in each different
region,
ΩGW
A2R
≈

3√
pi
e
9∆2
4
∆
κ3
[(
lnκ+
3
2
∆2
)2
+
∆2
2
]
, for κ
√
2
3
e−
3
2 ∆
2
; (infrared)
0.125
∆2
exp
(
− ln
2 κ
∆2
)
, for
√
2
3
e−
3
2 ∆
2  κ 4e4∆2 ; (near peak)
2
3
√
2
pi
κ−4
e8∆
2
∆
exp
(
− ln
2 κ
2∆2
)
, for κ 4e4∆2 . (ultraviolet)
(41)
Although each of the above asymptotic formula fits very well in each region, we only plot the most important,
near-peak formula in Fig. 3, which is a sum of (30) and (34),
Ω
(peak)
GW ≈ 0.125
A2R
∆2
exp
(
− ln
2 κ
∆2
)
. (42)
This formula for the near-peak region is another main result of this paper. It clearly shows that the induced GW
spectrum has a lognormal peak with width ∆/
√
2 which is smaller by
√
2 of the peak width of the original curvature
perturbation spectrum, ∆. This is a reflection of the “secondary” nature of the induced GWs, as ΩGW ∝ (PR)2.2
The maximum of the GW spectrum is given directly by setting κ = 1,
Ω
(max)
GW ≈ 0.125
A2R
∆2
. (43)
Since (42) gives the height and width of the peak of the induced GW spectrum, we expect it to play an important
role in the interpretaion of observational signals in the near future.
An important special case of a broad peak is the GWs induced by a scale-invariant curvature perturbation, PR(k) =
AR. Comparing to (12), this corresponds to the limits AR → ∞ and ∆ → ∞ with the ratio AR/(
√
2pi∆) ≡ AR =
const.. This gives a scale-invariant GW spectrum,
ΩGW = 0.783A
2
R, (44)
which is in good agreement with the result obtained numerically in Ref. [28].
IV. CONCLUSION
In this expanding new era of GW astronomy/cosmology, detecting the stochastic background of GWs is the next
scientific goal for the GW experiments in the coming decades. Among possible sources of stochastic backgrounds, the
secondary GWs induced by the primordial curvature perturbation is a very important target. As both the generation
of GWs and the formation of PBHs occur essentially at the horizon reentry of the relevant scale in the early universe,
2 We thank Rong-Gen Cai for pointing out this simple physical explanation for the relation between the two widths.
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the fruitful PBH physics motivated us to study the associated induced GWs. Observations on both sides can be used
to probe the primordial curvature perturbation on small scales, where there is no stringent constraints.
In this paper we have studied the spectrum of GWs induced by the primordial curvature perturbation whose
spectrum has a lognormal peak. Such a spectrum is frequently discussed in the literature from the viewpoints of
both inflationary phenomenology and PBH formation mechanism. We have found that the resulting spectrum of the
induced GWs has distinct features depending on the width of the longnormal spectrum, ∆. For both narrow-peak
(∆  1) and broad-peak (∆ & 1) cases, we have successfuly obtained an analytical formula with amazingly good
accuracy, as presented in (19) for ∆ 1 and (40) for ∆ & 1, respectively.
For the narrow-peak case, the GW spectrum (19) can be further simplified by using the GW spectrum for a
δ-function peak. Namely, it may be factorized into two components,
Ω
(∆1)
GW ≈ erf
(
1
∆
arcsinh
k
2k∗
)
Ω
(δ)
GW, (45)
where the factor given by the error function is independent of the equation of state of the universe, and Ω
(δ)
GW is for the
δ-function curvature perturbation spectrum whose formula in the radiation-dominated universe, (20), is well known,
and it is not difficult to extend it to that for a universe with arbitrary equation of state. Thus (45) gives a universal
formula valid for any equation of state of the universe if ∆ 1.
As Ω
(δ)
GW ∝ k2 in the radiation dominated universe, (45) clearly shows there is a break in the power-law at kb ≈ 2k∗∆
on the infrared side of the GW spectrum, changing from k3 to k2 as k increases. In addition, there appears a
logarithmically diverging peak at kp ≈ 2k∗/
√
3. If such a GW spectrum is observed in the future, with both break
and peak frequencies measured, the width of the peak in the original curvature perturbation spectrum can be read
off as
∆ ≈ fb√
3fp
, (46)
where fb and fp are the break and peak frequencies, respectively.
For the broad-peak case, we have also derived an analytical expression (40) which fits the numerical result very well.
Further, we have obtained the asymptotic expressions for infrared, near-peak, and ultraviolet regions, respectively.
The most important feature of the GW spectrum for the broad-peak case is the appearance of a lognormal peak with
width ∆/
√
2, which is smaller by
√
2 compared with the width ∆ of the primordial curvature perturbation, as shown
in (42), which reflects the secondary nature of the induced GWs.
The maximum of the GW spectrum has been also derived,
Ω
(max)
GW
A2R
=

4
9
(
ln(2∆) + 1
)2
+ 2.64 for δf < ∆ 1,
0.125
∆2
for ∆ & 1.
(47)
As we stated at the end of Section II, all the results of ΩGW listed above are valid only until the epoch of matter-
radiation equality. To obtain the GW spectrum we observe today, they should be multiplied by a redshift factor of
2Ωr,0 ∼ 8.2× 10−5.
In this paper we have only considered lognormal spectra for the primordial curvature perturbation. Such spectra
may arise in varieties of inflation models, which implies the usefulness of our results. Nevertheless, the primordial
curvature perturbation may have a more complicated spectrum. For example, the spectrum may be composed of
Gaussian fluctuations and non-Gaussian corrections. In such a case, even if the Gaussian part has a lognormal
spectrum, the non-Gaussian part may substantially deform the spectral shape if its contribution is large. A specific
example was discussed in Ref. [29] where the local-type non-Gaussianity is added on top of the Gaussian perturbation:
R = Rg+FNL
(R2g − 〈R2g〉) with a narrowly peaked spectrum of Rg. Deriving analytical expressions for more general
forms of the primordial curvature perturbation spectrum is a challenging issue left for future work.
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